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Abstract: We are interested here in a birth-and-growth process where germs 
are born according to a Poisson point process with invariant under translation 
in space intensity measure. The germs can be born in free space and then start 
growing until occupying the available space. In order to consider various way of 
growing, we describe the crystals at each time through their geometrical prop- 
erties. In this general framework, the crystallization process can be caracterized 
by the random field giving for a point in the space state the first time this point 
is reached by a crystal. We prove under general conditions that this random 
field is mixing in the sens of ergodic theory and obtain estimates for the coeffi- 
cient of absolute regularity. 
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1 Introduction 

The crystallization process we consider here deals with germs g — (x g ,t g ) that 
appear at random times t g on random locations x g . The born process J\f is a 
Poisson point process on R d x R+ with intensity measure denoted by A. Once 
the germs or cristallization centers are born, crystals are allowed to grow if their 
location is not still occupied by another crystal and when two crystals meet the 
growth stops a meeting points. There are then many ways to describe crystal 
expansion. The first approach is to consider the random sets (called crystal- 
lization state) that corresponds to the fraction of space occupied by crystals 
at a given time. In this case, crystallization is studied through the theory of 
set-valued processes. Another way to describe crystal growth is to deduce the 
expression of the speed growth from characteristic local media properties of the 
state space. One can also consider for a germ g G R d x R + and a point x € M. d 
the time A g (x) at which x is reached by the free crystal associated to the germ 
g. The crystallization process is then caracterized by the following random field 
£ giving for a location x &R d its crystallization time 

t(x) = inf A g (x). (1) 

We adopt in this paper the last definition and study the crystallization process 
througth the random field £. 

This model was introduced by Kolmogorov Pj and independently by Johnson 
& Mehl [J, and intensively studied by many authors. We mention here only 
a few number of papers which represent the main approaches and where one 
can find an exhaustive liste of references : M0ller 0, [Sj, and also Micheletti & 
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Capasso j2] . A very large part of these investigations deals with the geometrical 
structure of the mosaic once all the germs have finished their growth. Here, 
we are rather interested in estimation problems (such as the estimation of the 
parameters of the intensity measure A or other functional like the number 
of crystals in the limit mosaic) in the case when only one realisation can be 
observed on a sufficiently large domain compared to the mean size of crystals. 
Naturally, we suppose that the crystallisation process is space homogeneous. 
More precisely, we assume that the intensity measure is defined as follows, 

A = X d x m, (2) 

where X d is the Lebesgue measure on M. d and m is a measure on R + finite on 
bounded Borelians. 

This article is mainly devoted to ergodic properties of the random field 
£,( x )xeR d defined by (QJ which deliver a solid base for efficient estimation of 
parameters of the model and subsequent application to the study of its asymp- 
totical normality. Under the above hypothesis and rather general conditions 
on growth speed and geometrical shape of crystals, we demonstrate that the 
random field £ is mixing in the sens of the ergodic theory. Moreover, under 
some additional assumptions, we obtain estimates of the absolute regularity 
coefficient of £. 

The statistical application represents de second part of our work and will be 
published elsewhere. 

2 Assumptions on the birth- and- growth process 

2.1 The birth process 

Germs are born according to a Poisson point process on E = R d x M+ denoted 
by Af. Thus, a germ is a random point g = (x g , t g ) in R d x R + , where x g is the 
location in the growing space M. d and t g is the time of birth on the time axes 
R + . We suppose that the intensity measure A of N is the product <j2j of the 
Lebesgue measure X d on R d and a measure m on R + such that m([0, a]) < oo 
for all a > 0. The most interesting cases to be considered (see [3j) are for a 
discret measure m or when m(dt) = at l3 ~ 1 X(dt) with a > and (3 > 0. 

Since the Lebesgue measure is invariant by the translations on M. d , we derive 
that Af is space homogeneous. So we are led to consider only sets around the 
origine. In particular, we introduce for a time t, the causal cone: 

K t = {geE\A g (0)<t} (3) 

which consists of all the possible germs that are able to reach the origine before 
time t. The measure A(i^ t ) of the causal cone K t is denoted by F(t). 

2.2 Expansion of crystals 

We call "free crystal" a crystal which is born in a fraction of space non-occupied 
by other crystals at the time of its birth. We associate to each germ g in E a 
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function A g : 

A g : R d -»■ K+ 

x ^ A g (x) ( > 

where A g (x) is the time when x is reached by the crystal assumed to be free 
and associated to the germ g. Consequently, at time t a free crystal is defined 
by the set 

C g {t) = {x\A g (x)<t}. (5) 

In the following, we make several assumptions on the free crystals family 
{C g , g e TV} and the functions family {A g , g G A/"}. We also specify when 
necessary the link between assumptions and crystal growth. 

1) Vg = (Xg,tg) G E, Ag{x)=A { Q ttg) (x-Xg) VzGR^. 

Crystal growth is space homogeneous. This assumption implies that for all 
germ g = (x g ,t g ), 

Cg{t)=C {0 , tg) {t)+x a Vtel+. 

2) Vff= (Xg,tg) G E, Ag(Xg) =tg &IldA g (x) >tg VxEM. d . 

A crystal can only reach a point x after its birth. 

3) The free crystals C g (t) are bounded, convex sets and the family (C g (t)) tGR + 
is increasing that means 

C g {s)cC g {t) V0<s<t. 

4) The functions x i— > A g (x) are continuous. 

Thus, crystals grow in each space direction and without any jump so that 

dC g (t) = {x\A g (x)=t}. 

5) There exists M > such that V< 9 G R + we have 

A {0ttg) (x)>t g +^\x\ V.TGM d . 

The growth speed is then bounded by the constant M. 

6) Vg=(0,i s ), Vr>0, 3i>0suchthat 

C g (t) D 5(0, r) = {x G M d | |x| < r}. 
A free crystal grows in each direction and never definitively stops growing. 

7) If L g = {{x, t) | Ag(x) < t} denotes the epigraph of A g , then Vgi G L g , 

A g (x) < A gi (x) \fxeR d . 
This means that a crystal born inside L g never exits. 
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When d = 1 , we introduce for each germ g the restrictions , A~ of A g respec- 
tively to [x g , +00), (— 00, x g ] and consider when necessary a stronger version of 
Assumption 7): 

7a) Vgi G E, V.g2 G -E 1 , if for some xo > x g , A+ (xq) > A g2 (xo) then 

A gi (x) > A g2 (x) V.t > x 
and if for x\ < x g , A~ 1 (xi) > A g2 (x±) then 

A gi (x) > A g2 (x) Vx < xi. 

Some remarks can be made on a part of these assumptions. 
Remark 1. The assumption 3) implies that for all < s < t, 

C g (s) c [C g {t)]°. 

Indeed, if there exists x G dC g (t) C g (s), then we should haveA g (x) = t and 
A g {x) < s. But, this cannot occur. 

Remark 2. Let g = (0, t g ) be a germ. Observe that, 

sup A g (x) = sup A g (x). 

|x|<r r 

If x g satisfies \x g \ = r and t g = A g {x g ) = sup| a .| =r A g {x) then C g (t g ) contain 
all the points x such that |x| = r and by convexity (assumption 3)), we obtain 
that C g {tg) D 5(0, r). 

Remark 3. The function r 1— > M g (r) = supi x i =r A g (x) is increasing on R+ and 

lim M g (r) = +00. 

r — '00 

To prove the first assertion, let us consider < ro < n and (x ff , f 9 ) G M. d x 
such that \x g \ = r and t g = A g (x g ) = M g (ro). Then, x g G dC g (t g ) and 
by convexity, C g (t g ) D B(0,r o ). If M g (ri) = M g (r ), B{Q,r\) would also be 
included in C g (t g ) and x g would be inside [C g (t g )]° . But, this is impossible. 
For the second point, the assumption 5) implies that 

A {0>tg) {x)>tg+—\X\ 

and 

Mg(r)>tg + ^. 

Thus, lim r —oo M g {r) = +00. 
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To obtain the absolute regularity property of £ when d is greater or equal 
to 2, we add two other assumptions. Let us introduce some definitions before 
stating the assumptions. For a germ g = (x g ,t g ) and the associated free crystal 
C g (t) at time t, we call "interior diameter" and write d g (t) the diameter of 
the greatest ball centered in x g and included in C g (t). In the same way, D g (t) 
named the "exterior diameter" denotes the diameter of the smallest ball centered 
in x g containing C g (t). From the preceding assumptions, we deduce that for 
any germe g £ E, the functions 1 1— ► d g (t) and 1 1— > D g (t) are continuous and for 
all t e R + , we have d g (t) < D g (t) . The additional assumptions are the following 
ones: 

8) 3A > such that V# G E, Vf G K+, 

jD g (t) < d g (t). 

This assumption ensure that free crystals have non-degenerated shapes. 

9) V.g = (x g ,t g ) G E, the function t 1— > -D 9 (i) is "subadditive": 

D g (t + h) < D g (t) +D( ,t)W Vt>t 5 , Vh>0. 

We give now an example that satisfies all the assumptions from 1) to 9). 

Example 1. For any germ <? = (x g ,t g ), we suppose that the crystal at time 
t > i g is as follows: 

C g (t)=x g +[V(t)-V(t g )]K, 

where K is a convex compact set such that £ K° and the function t i— > V(i) 
represents the distance achieved with function speed 1 1— > We assume that 
i> is positive almost everywhere. Moreover, we suppose that V is absolutely 
continuous: 

V(t) = / v{s)ds Vi G M+ 
Jo 

and such that for alH > 0, /i > 0, 

V(t + h)-V(t) > 0. 

Observe that 

Cg(t + h) = Cg{t) © [V(t + h)- V(t)]K 

where ffi represents here the Minkowski summation of two sets A and B: 

A®B = {x + y\xeA 7 yeB}. 

Now, we denote by p x ,K the norm of the intersection point between dK and 
the line (0, x). Then, a point x is reached at time t by the crystal born in x g at 
time t g if 

{V(t)-V{t g ))p x - Xg , K = \x-x g \. (6) 
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As V is invertible, 

t = A g {x) = V~' ft^A + V(t g )). 

Thus, all the assumptions 1) to 9) except assumption 5) are satisfied in this 
example. For the last assumption, we can suppose for example that v is bounded, 
v(s) < L. 

We can take x g — 0. As K is compact, there exists a constant C such that 
Px,k < C for all x. From JHJ we get 

\x\ = (V(t) - V(t g ))p x , K < LC(A g (x) - t g ), 

which gives assumption 5) with the constant M = LC. 

Note that if K = B(0, 1) and v(t) = c, this example corresponds to the 
linear homogeneous expansion in all directions. 



3 Mixing property 

We assume without loss of generality that the random field £ = (^(x)) xe ^d 
defined by jl) is a canonical random field on (f2,.F, P). Namely, we suppose 
that fl = M. T with T — M. d , .F is the u-algebra generated by the cylinders and 
P is the distribution of £ so that for all u> € fi, £(x,ui) = u>(x). As Lebesque 
measure X d on R d is invariant by the translations on R d , we deduce that £ is 
homogeneous. This means that P is invariant by the translations 

S h {cu){x) = u(x + h), h e R d . 

We precise here what we call a mixing random field. 

Definition 1. A random field £ = (£(x)) x g&d is mixing if for all A, B 6 T ', 

V(AnS^(B)) > ¥(A)F(B). (7) 

\n\ — >oo 

Remark 4. We note here that if a random field is mixing in the sense of Defi- 
nition m then the random field is also egodic. 

To prove that a random field is mixing, it is sufficient to verify Condition 
for cylinders and establish the following condition 

Vn, . . . , x k e M d , Vyi, . . . , y m e R d , e B k , VE 2 e B m , 
P{{Z(x 1 ),...,Z(x k ))&E 1 , (Z(yi),...,Z(y m ))eE 2 } (8) 
► V{(£(xi), . . . ,£{x k )) G Bi}P{«(i/i), • ■ ■ ,*i(y m )) 6 E 2 ] 

— >oo 

where B k (respectively B m ) is the fc-dimentional (respectively m-dimentional) 
Borelian cr-field. 
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Theorem 1. (d > 1) Under assumtions 1) to 7), the random field £ = (^(x))^!^ 
defined by Q) is mixing. 

To demonstrate Theorem ^ we need three auxiliary lemmas. 
Lemma 1. If A\, A 2 , B\ and B 2 , are four events, then 
(1) \P(A 1 )-P(A 2 )\<P(A 1 AA 2 ), 

(ii) |P(Ai n B x ) - P{A 2 n B 2 )\ < P(AiAA 2 ) +P(B 1 AB 2 ), 
where for two events A and B, AAB = (Af~) B c ) U {A c n B). 
Proof. Elementary. □ 

Now, for all h £ K d and r > 0, we define new random fields to approximate £(•) 
and its translations £(• + /i): 

= inf A- (a?) VxeM d . 

|x a — fe| < r 

Lemma 2. Lei H(R) = M( 0fl )(i?) wii/i M g (r) defined in Remark\^ Under 
Assumptions 1) to 7), we have for all h € R d , 

P + fc) = N < R) > 1 - e- F ^ 

where M is the constant of Assumption 5) and F(R) is the measure of the causal 
cone K~r defined by relation 0). 

Proof. As Af is space homogeneous, 

p + ft) = ( ( V + i );f ( B )(4 M < r) = p = ^WijWaO. m < i?) 

and it is then sufficient to demonstrate Lemma[5]for h = 0. First, observe that 
Assumption 7) implies that 

{£(0) < R} C J sup f (a) < IT(iZ) 1 . 

l>i<* J 

Now, let us prove that 

j^P^) < ff(fl) j C {£(*) = ££ +Mff(R) (x), M < (9) 
To prove (jHJ, note that Assumptions 1) and 5) imply that for all germ g, 

Ag( X ) >t g + \ X -JS\ Va . eR rf. 

M 



In particular, for germs g such that \x g \ > R + MH(R), we deduce that 

A g (x)>H(R) VxeR d , \x\ < R. 

Hence, for all X such that \x\ < R, 

inf A g {x) > H{R) > £(x) 

g eM 

\x g \ > R + MH(R) 

and © follows. On the other and, for < r± < r-2 

Z(x)<e 2 (x)<&( x ) VzeR d . 
From Assumption 2), remark that R < H(R) and deduce that 

{fa) = €r+MH(R)(x), \x\ < R] C {£{x) = £, {M +l)H(R){x), \x\ < R} . 

Finally, we obtain that 

P = Z(m+i)h(r) (ar), \x\ < R} > P U(0) < R} 

and 

P {£(0) <R}=F{Mn K R £ 0} . 

But, 

P{7Vn A' fi ^ 0} = 1 - e - A{KR) . □ 

Lemma 3. Assumptions 1) and 6) imply that 

F(R) = A(if fl ) ► oo. 

R— >oo 

Proof. The assumptions 1) and 6) imply that for all germ g G E, there exists 
i? > such that g G Jf^, or equivalently such that belongs to the crystal 
C s (i?). But, 

U K R = E 

R>0 

and since A(E) = +oo, the result follows. □ 
We come back to the demonstration of Theorem 

Proof. For (xi, . . . , Xk) in E k , (yi, . . . , y m ) in S m , £?i in B k and £2 G £"\ we 
define the sets: 

A = {(£(xi),...,£(z fe ))G£i}, 

B h = {{Z(yi + h),...,{(y m + h))eE 2 }. 
8 



Let us define r = max{|arj|, i = 1 . . . k\ \yj\, j = 1 . . . m} and consider a positive 
real number e. From Lemma[2]and LemmaUH we find R> r such that 

P {f (*) = CCM+I)^) (*)> W < > 1 " C 

Let us now introduce /i e M d such that > 2i?i, where R x = (M + l)H(R). 
We also define some other sets: 

i = {(^(n) 4W) e£ i}> 

S = {(^ 1 (2/l),--- J ^ 1 (2/m))e^2} ! 

B h = {(&(j/i),...,&(2/ m ))ei5 2 }. 

Lemma^^*) leads to the following inequality: 

\P(A n B h ) - P(A n B h )\ < P(AAA) + P(B h AB h ). 

We introduce the set D = = \x\ < R} and obtain by Lemma El 

that 

P(AAA) = P{{AAA)nD)+P((AAA)r\D c ) 
= F((AAA) n D c ) 

< P{D C ) 

< e. 

If we introduce the set Dh = {£,(% + h) = ^^(x), \x\ < R} in place of D, we 
obtain by the same arguments that 

¥(B h AB h ) < e. 

These two inequalities imply that 

\P(AnB h )-V(AnB h )\<2e. (10) 

On the other hand, the events A and Bh are independent because \h\ > 2R\. 
Thus, 

P(AnB h )=V(A)P(B h ) 
and by space homogeneity of TV", P{Bh) = P{B) so that 

p(inB A ) = P(i)P(B). (ii) 

Moreover, by Lemma Q](i) 

\P(A)P(B) -P(A)P(B)\ < \P(A) -P(A)\ + \P(B) -P(B)\ 

< P(AAA) + P(BAB). 

and Lemma implies that 

\P(A)P(B) - P(A)P(B)\ < 2e. (12) 

Inequalities ifTHjl . ltl2l and relation fTTt imply that for all h £ R d such that 
\h\>2R 1 , 

\P(Ar\B h ) - P(A)P(B)\ < 4e 
and Theorem is then proved. □ 



9 



4 Absolute regularity 



4.1 General definitions 

For a subset T of M. d , we denote by Tt the c-field generated by the random 
variables for all x in T. Now, consider two disjoint sets T\ and T 2 in R d and 
define the absolute regularity coefficient for the cr-fields Tt x and Tt 2 as follows: 

/3(Ti,T 2 ) = \\V Tl UT 2 ~ V Tl X PliHvor, 

where ||/i|| va r is the total variation norm of a signed measure fx and Vt is 
the distribution of the restriction £|<r in the set C(T) of continuous real-valued 
functions defined on T. If T\ n X" 2 = 0, note that C(Ti U T 2 ) is canonically 
identified to C{T X ) x C(T 2 ). 

The strong mixing coefficient is defined as follows, 

a(T!,T 2 )= sup |P(AnB)-P(A)P(B)| 

The process £ is said to be absolutely regular (a-mixing) if the absolute 
regularity coefficient (the strong mixing coefficient) converges to zero when the 
distance between T± and T 2 tends to infinity with T\ and T 2 belonging to a 
certain class of sets. 

Remark 5. It is well known that 

a(Tx,T 2 ) < i/?(T!,T 2 ) 

so that absolute regularity of the process £ implies a-mixing. 

When d = 1, one usually chooses T\ = (— oo,0] and T 2 = [r, +oo) whereas 
in the case d > 2, there are several sorts of sets to be considered. The results 
we obtain in this paper when d > 2 deal with quadrant domains as represented 
on Figure 1 and enclosed cube domains as represented on Figure 2. 

4.2 Upper bounds 
4.2.1 Approach 

In order to obtain upper bounds for the absolute regularity coefficient (3(T\, T 2 ), 
we approximate the restrictions of £ on T\ and T 2 by two independent random 
fields and apply the following lemma. 

Lemma 4. Let us consider a random field (r](x)) xeR d and two disjoint subsets 
T\ andT2 ofM. d . If there exists two random fields (rji(x)) xeR d and (%(a ; ))xeiR d 
and two positive constants Si and <5 2 such that: 

• ?yi and r\i are independent 
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• P{£(z) = Vi {x), V.t eTi}>l-Si for i = 1,2. 

/?(Ti,T 2 ) <8(<5i + (5 2 ). 

Proof. Let us denote by Pi the distribution of the restriction £1^ of £ to Ti, by 
P2 the distribution of the restriction £\t 2 of £ to T2, by Q\ the distribution the 
restriction of 771 to Ti, and by Q2 the distribution of the restriction r?2|T 2 
of 772 to T2. We have for i = 1, 2, that 

||7>» - Qi||-uar < 4(5,. 

Indeed, it is clear that 

\\Vi - Qi\\var = 2 sup\Vi(A) - Qi(A)\. 
A 

If we denote by Di the set {£(#) = Vie 7*}, we obtain that 

\\Vi - Qi\\ var = 2 sup |P(U| T! G A} n Di) - P(W G A} n £>?)| 

A 

and deduce that 

- Qi|U < 4P(T>?). 

Since P(-Dj) > 1 — £j, we conclude that 

\\Vi-Qi\\ v ar<45i- 

Now, we denote by V the distribution of £ on T1UT2 and Q the disctribution 
of 77 on Ti U T2 with 77 defined as follows: 

/ x _ / i?i (a;) 2: e Ti , 

We have 

P{£(z) = V(%), Vi 6 Ti U T 2 } = P(Di n T> 2 ). 

But, 

P(T>i n TJ> 2 ) = 1 - 'P( J Di U DI) > 1 - P(TJ>i) - P(TJ^) 
and since P(A) > 1 — £j for i = 1, 2, 

P{£(x) = rj(x), Vi e Tx U T 2 } > 1 - (<5i + «J 2 ). 

We deduce by the same previous arguments that 

\\P-Q\\var<4(Sl + 5 2 ). 

Finally, we have that 

\\P-VlXP2\\v*r < \\V-Q\\var+\\Q-QlX Calleor+Hfil X 0,2 - Vl X V 2 \\ var ■ 
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As 771 and rj 2 are independent, 

HQ- Qi x e a |U- = o. 

Moreover, 

||Pl XP2-S1X Q 2 \\ var <\\Vl- Ql\[ V ar + \\V 2 ~ Q 2 \\var < 4 (*l + S 2 ) 

and 

\\V-Q\\var<^(Sl+S 2 ). 

Thus, we derive that 

\\V-VixV2\\v*r<&(Si+Sa). n 
4.2.2 Dimension d = 1 

Remind that in this case T\ = (— oo, 0] and T 2 = [r, +00) and denote by /3(r) 
the coefficient (3(Ti,T 2 ). 

Theorem 2. (d=l) If Assumtions 1)- 6) and 7a) are statisfied, the process £ 
ftas f/ie absolute regularity property and for all r > 0, 

f3(r) < Cie- F(C2r) , 

where the constants C\ and C 2 can be choosen such that C\ = 16 and C 2 = 

We introduce for any subset T of K, the process £r defined as follows 

Ct(x)= inf VieR d . (13) 

3 e M 

Xg e T 

The proof of Theorem |2] is based on the two following lemmas. 

Lemma 5. Under the same assumptions as in Theorem^ for all R > 0, we 
have that 

P {Z(x) = £(-oo,ii«q(aO, V.t < 0} > 1 - r'M 
twtfi ^(-oo,Afffl defined by relation llty with T = (— 00, Mi?]. 
Proof. Let us show first that 

{£(0) < i?} C {£(*) = e(-cx>,Mii](a;), Vx < 0}. (14) 
Suppose that £(0) < i? and prove that 

inf A g {x) < inf A a (a;) Vx<0. (15) 

x„ < MR x„ > MR 
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For all g = (x g ,t g ) £ E such that x g > MR, assumptions 1) and 5) leads to 

A g (0)>t g + l -^->R. 

Since £(0) < R, we then deduce that 

£(0) = inf A g (0). 

x g < MR 

Consequently, there exists go e N such that x go < MR and A ga (Q) = £(0). 
Hence ^"(0) > A go (0) , for all g = (x g ,t g ) G A/" such that x g > MR and we 
deduce from Assumption 7a) that 

A g (x) > A go (x) V.t<0 

and lllot follows. Since 

£(x) = min{ inf A g (x), inf A fl (a;)}, 
s e AT g e aa 

Kg < Mii Xg > Mfl 

we derive that 

Z( x ) = £(-oo,MB] V X < 

and l(THl is then proved. Finally, 

F {£(a0 = f(-oo,Jif^ (a), Vx < 0} > P U(O) < i?} 

and 

PP)<fl}>l-e^ B) . □ 
Thanks to symmetry arguments, we derive the following lemma. 

Lemma 6. Under the same assumptions as in Theorem^ for all R > 0, we 
have that 

P {&) = Zimr, +00 )(x), Vx > 2MR} > 1 - e- F ^ 
where £\mr,+oo) is defined by relation 113)!) with T = [MR, +oo). 
We turn back to the demonstration of Theorem [2j 

Proof. Let r be a positive real and consider R such that 2 M R = r with M the 
constant of Assumption 5) . Lemma 03 and Lemma H3 allow us to apply Lemma 
Hwith 771 = f(-oo,Mfl], 772 = £[Afii,+oo), Ti = (-oo,0], T 2 = [2Mi?,+oo) and 
d\ = 5 2 = e~ F ^ . We obtain then that 

P(r) < 8(<5i +6 2 ) = 16e" F( ^T ) . □ 
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4.2.3 Dimension d > 2 

We obtain first an upper bound for the absolute regularity coefficient in the 
case of two quadrants Ti and T 2 which are separated by a 2r-width band. As 
the random field £ is homogeneous, we can choose Xi = nf=i( — 00 1 0] and T 2 = 
rii=i[ a ii +°°)- We denote by Li, (respectively L^) the hyperplane orthogonal to 
e = -^-(1, . . . , 1) and containing the point (0, . . . , 0) (respectively (a±, . . . , ad)) 
as represented on Figure 1 when d = 2. The distance between the hyperplanes 
Li and L 2 equals 2r =< e, a >. Since < e, a > is positive, we can introduce the 
hyperplane Lq situated at equal distance between L\ and L 2 . Finally, we denote 
by Ei (respectively E 2 ) the open half-space delimited by Lq and containing L\ 
(respectively L 2 ). 



T 2 . 




Figure 1: Quadrant domains for d = 2 



Theorem 3. (d > 2) If Assumptions 1)- 9) are satisfied and T\ and T 2 are the 
quadrant domains previously described, then 

oo 

(3(T 1 ,T 2 )<l6Y / k d ~ 1 e- F{ck \ (16) 
fe=l 

where F(t) is the measure of Kt, C = ^j, R = jj and H = 2{A + M) with A 
and M the constants of Assumptions 5) and 8). 

Before proving the theorem we give an estimate of the majorant series in l(l6ll 
for two typical cases. 

Example 2. If F(t) > (d + 6) In i- In 7 with 6, 7 > 0, we have e~ F ^ < 1 t~^ d+s ^ 
and obtain a polynomial estimation of the sum: 

00 

^V-V-^ < 7 'cr( d + 5 ) 

k=l 
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with 

oo 

fc=i 

Example 3. If we rather suppose that F(t) > r yt s — c with <5, 7, c > 0, then 
e _F (*) < Cl e -7 * with ci = e c . We derive a super-exponential estimation of the 
sum: 

00 

]T fc^-V^ <c 2 e^ c \ 

k=l 

with 



00 



fe=i 

Proof. Let us now introduce for all r > the following random fields: 

^(a)= inf A g (x) Va- G M d , (17) 

g £?i 

t£(x) = inf Vz G R d . (18) 

.9 £ A/" 

G £" 2 

For all i? > 0, we denote by £r the random field defined as follows: 

= inf A g (x) Vx G R d . (19) 
g € J\f 
\x g \ < R 

The proof is based on three lemmas. 

Lemma 7. Under the assumptions of Theorem^ for all R > 0, 

P(C(x)=€™(ar), M < i?) > 1 - e- F ^ 

w«'ift £,hr defined by equation fi,9|) . 

Proof. We demonstrate that 

{£(0) < i?} C U(x) = & { a + m)hXx), \x\ < R}- 

Suppose that £(0) < R and consider go G Af such that £(0) = ^4 9o (0). Thanks 
to Assumption 5), we obtain that \x go | < MR. On the other hand, we introduce 
g = (0, R) and deduce from the definition of £ that 

£{x)<A go (x) VxGM d . 
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Since g 6 L ga , Assumption 6) leads to 

A go (x) < A g (x) Vx€R d . 



Thus, 

Now for time 
it is clear that 



sup £(x) < sup A g (a 

\x\<R \x\<R 



t = inf{s > R\d g (s) = 2R}, 



sup A g (x) < t 
\x\<R 



and from Assumption 8) we deduce that D g (t) < 2AR. 

Let us consider now a germ g\ such that |x 9l | > 2(A + M)R. If t gi > t, 
Assumption 2) implies that 

A gi (x)>t Va;GR d , \x\<R. 

If t gi < t, then Assumptions 3), 8) and 9) lead to 

D gi (t) <D gi (R) + D g (t). 

But, assumption 5) implies that D gi (R) < 2MR and the time t is such that 
D g (t) < 2AR. Consequently, 

D gi (t) < 2(A + M)R 
and the crystals C g (t) and C gi (t) are disjoint. Thus, 

A gi (x)>t \/xeR d , \x\<R. 

So, we conclude that 

eW=6(w(x) VxeR d , \x\ <R. □ 

Lemma 8. Under the assumptions of Theorem^ for all r > 0, 

oo 

F{£(x) = ri(x), x e Ti} > 1 - m d ^e- F{Cm) 

m—1 

with rfr defined by JHJ), C = Jg, R = jj, H = 2(A + M). 

Proof. We split the set T\ into d-dimentional cubes denoted by D^, where for 
aHk = (k 1 ,...,k d ) e (-N) d , 

d r 2R„ _ 2R 
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Each cube D-^ is centered in xj; = (-^= (2ki — l)) i=1 d and has diameter equal 
to 2R. Remark also that the distance between x-^ and L\ equals l-^ with 

h = R+\ < ^k 1 e>\=R{l + - d \Y J k l \)- 
Denote by p the probability P(£(a;) — rj r (x), x G T\) and note that 

p = n n %)> ( 2 °) 

fee(-N) d 

with 

%={(£(*) = »*•(*)> xe^ r }. 

From Lemma we obtain for all a > that 

= ^ (ll! i/a)W, |sb - xtf < a) > 1 - e- F(a \ 

where 

£,B(x T ,Ha)(x) = inf ^g(^)- 

9£Af 
|:r s — xj:\ < ai? 

We choose a = R + Hence, C B(xj:, a) and 

Moreover B(x-^,Ha) is included in the half-space E\. Consequently, 

Denoting by the probability P(-Br) , we finally obtain that 

p k >l-e- F ( R+l *). (21) 
On the other hand, equation l!20ll implies that 

p = l-P( |J Bf). 

fce(-N) d 

From J2JII . we deduce that 

p>l- J2 e- F ( R+ '^). (22) 
Ie(-N) d 

Now, we obtain an upper bound for the sum in 1221) as follows: 

v- e - F { R +'S) 

Z^fce(-N) de 

= E~=o #{*, I Etr *.| = m} B-'M^+M 
< E"=o(^ + l) d - 1 e- F(fl(l+ ^ (1+Sm))) - 
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Since R(l + + §m)) > C(m + 1) with C = |f when d > 2, we finally 
derive that 

p>l- f^m d - 1 e-^ Cm l □ 

m— 1 

Symmetry arguments lead to the following lemma. 

Lemma 9. Under the assumptions of Theorem^ for all r > ; 

oo 

P(f(a;) = v 2 r (x), x e T a ) > 1 - ^ ™ d ~V F ( Cm ) 

m— 1 

tuitfi ^ de/ined JT^), C = f§, R= jj, H = 2(A + M). 

We make use of these three lemma to finish the proof of Theorem 03 We apply 
Lemma 21 thanks to Lemma |H1 and Lemma El with rj\ = r]{, r]2 = 772 , #1 = $2 = 

Sm=i rn d ~ 1 e~ F ( c m ) and Xi, T 2 the quadrant domains. We then have that 

00 

/3(Tx,T 2 ) < 8 (<5i + <y 2 ) = 16 m d - x e- F{ ^ Cm \ □ 

m— 1 

We give now an upper bound for the absolute regularity coefficient /3(Ti, T 2 ) 
in the case of enclosed cube domains separated by a 2r-width polygonal band. As 
the random field £ is homogeneous, we consider centered domains T\ = [—a, a] d 
and T2 = {[—b, b] d ) c as represented on Figure 2 for d = 2. 




Figure 2: Sketch for d = 2 



Theorem 4. (d > 2) // Assumptions l)-9) are satisfied and T\, T 2 are ifte 
enclosed domains previously described with b>2 (H — 1) a, then 

00 

/3(Ti,T 2 ) < %{l + d2 d )Y J k d ~ 1 e- F{Ck \ 

k=l 
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where F(t) is the measure of K t; C = -r§, R = 4y and H = 2{A + M) with A 
and M the constants of Assumptions 5) and 8). 

The proof of Theorem make use of the same kind of arguments as in the proof 
of Theorem El Therefore, we intoduce first sets in order to define the random 
fields r\\ and r\\ approximating £ respectively on T\ and T2. Thus, we denote 
by ei, . . . ,e<j the d vectors of the canonical base in M. d and consider the set 
A = {a I (ai, . . . , ad), ct% = ±1} which cardinal equals #A = 2 d . For all i, the 
hyperplane ef- separates the set M. d into two open half-space E\ with e = ±1 
and eei contained in E\. For all a. <S A, we introduce the quadrant: 

and for all i = 1 . . . d the translated quadrant: 

Z a ,i = Z a © a t b&i. (23) 

Observe that 

d 

T 2 - IJ U Z «,*- 
a£A i=l 

On the other hand, let us define for all a € A, the normed vector of Z a : 

1 d 

v i— 1 

To separate the sets T\ and T2 by a 2r-width polygonal band, the quantity 
r = ( b ~ 2 °)^ must be positive. Thus, we assume that b > 2a. In this case, we 
consider the hyperplanes 

T _ -J_L 1 (b+2a)y / d , 
— ck 4 "a 

= i° - rd a = + aVdd a 
as represented on Figure 3 for d = 2 and a = (1, 1). 

We introduce now for all a in A the open half-space delimited by the hyper- 
plane LP a and containing the quadrants Z a ^ for i = 1 . . . d. At last, we consider 
the set S2 containing T2: 

S2 = pi s%. 

Then, we introduce for all aei, the random field: 

n a (x) = inf AJx) Vi G M d 
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Figure 3: Sketch for d = 2 



and approximate £ on T 2 by the following random field: 

rf 2 {x) = inf A g (x) VxeR d . (24) 
g£S 2 

Lemma 10. If Assumptions l)-9) are satisfied, then 

00 

P{£(x) = r£(x), a: G T 2 } > 1 - d2 d m^e"^" 1 ) 

m— 1 

where C is the constant of Theorem^and t)\ is defined by \24\) - 

Proof. As for all a € A and all z = 1 . . . d the sets Z a ^ defined by relation 
<2."ill are quadrants included in £ can be approximate by r\ a on each Z a ^ by 
Lemma El so that: 

00 

P{£(z) = 7fa(a:), Vx G Z Q ,,} > 1 - £ m <, - 1 e- F ( 0ro ). 

m— 1 

Since, 

£(as) < < ?7 Q (a;), Vi G R d 

we deduce for all a G ^4 and all i = 1 . . . <i that 

00 

F{Z(x) = ry 2 r (x), Vz G Z Q ,J > 1 - £ ™ d ^ F(Cm) - 

m— 1 

Finally, we derive that 

00 

P{£(x) =T£(aO, le^^l-dS^m^V^'"). □ 

m— 1 
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We consider now for all a in A, the open half-space S* = (S„) C \L°. We 
also introduce the intersection 

Si= f)sl 

on which £ can be approximated by the following random field: 

r)l(x) = inf A g (x) Vie R d . (25) 



Lemma 11. If Assumptions l)-9) are satisfied with sets I\ and T 2 such that 
b>2(H-l)a, then 

OO 

F{£(x) = r]{{x), x G > 1 - ^ m d - 1 e- F ( Cm ) 

m— 1 

where C is the constant of Theorem^and r)\ is defined by f2S\). 

Proof. We consider the centered open ball B\ = B(0, aVd) included in T\ and 
the ball B 2 = B(0, a \[d + r') with r' < r so that B 2 is contained in Si. If we 
denote by R the radius of B\ and assume that RH = a \fd + r' with H the 
constant of Theorem 31 we derive that 

r' = (H - 1) a Vd < r = - — 

and finally that b must be such that b > 2 (H — 1) a. Since A > 1, it follows 
that H > 2 and b>2a. We intoduce the random fields rjB 2 '- 

t]b 2 {x) = inf A g (x) Vi G M d . 

We remark that 

£(a?) < ril(x) < rjB 2 (x) Vie M d . (26) 

But by Lemma 

P{£(x) = r?s 2 (a;), Vs € Bi} > 1- e- F ^ 
and from inequality l|26H 

= fifc). VieBi}>i- e - f(fl) . 
As B\ c Ti , we also have that 

{£(*)= tfOr), xeB 1 }c{Z(x)=if 1 (x), x G Ti} 

and then 

P{^(x) = r£(x), VieTi}>i- e - F(i7) . 
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Finally, as H > 2, R > C with C = f§ and e"-^ < e~ F{ - c \ We note that 
e _ F(c) < ^- =lTO d-i e -^(Cm) ) hence 

OO 

P{f(x)=^(ar), VxGTi} > 1- ^m d - 1 e- F(Cm) . □ 

Proof (Theorem^. We apply again LemmaQ]thanks to LemmaE3 an d Lemma 
CHwith ?/i = rjl, m = rf 2 , 8 X = YZ=i md ~ le ~ F[Cm) i h = d2ds i and T u T 2 
the enclosed domains. We then have that 

oo 

I3{T U T 2 ) < 8 (5t + 5 2 ) = 8 (1 + d2 d ) m d - 1 e- F{Cm) . □ 



4.3 Lower bounds 

In conclusion we give a lower bound of /3-coefEcient in the context of Examples 
[2] and which are of the same type as the upper ones. It shows that the upper 
bounds in Theorem [2 Theorem and Theorem 31 are sufficiently precise. 

Let the dimension d = 1. We choose A = {£(0) > a} and B = {£(x) > a} 
with I a; I = r. It is clear that 

f3(r) >2\¥{An B) -P(A)F(B)\. (27) 

Since £ is space homogeneous, we obtain that 

F(A) = F(B) = P{W R K a = 0} 
= e-*». 

To compute V(AnB), we assume that there exists r > such that for all t large 
enough, 

K t n {K t + h)c K (1+T) t V h E R d , \h\ < rt. 
Under this assumption, 

P(AnB) = F{Mn K a = 0, NC\ {K a + x) = 0} 
> v{MnK {1+T)a = (/}} 

= e -F((l+r)o) < 

We choose, r — 8 a so that 

0(r)> \e- 2F ^)-e- F (^ r )\ (28) 

We compute the minoration term in inequality H28J1 for the two examples. In 
the case of Example where F(t) = (d + S) ln(t) — 111(7) with 5, 7 > 0, we 
obtain that 

e -2F(i) = ry 2 T 2(d+S) r ~2(d+S) 
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and 



- F (il±ll r ) ( T \ 



d+5 



r 



(d+<5) 



Thus, for r sufficiently large 



(3{r) > Kir 



-(d+S) 



with Ki > 0. For Example where F(t) = 7# 5 — c with 7, (5,. c > 0, we derive 



with k 2 > 0. 
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Finally, if r < 2^ — 1, then for r sufficiently large, 
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